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Minimum description length Statistical machine learning

Learning objective in statistical Machine Learning

min
θ

∑
(x ,y)∈D

− logpθ(y |x)

θ are the parameters of the model
D is the set of training examples
pθ(y |x) is the probability assigned to label y given input x by the
parametric model

Maximum Likelihood Estimation

Generative variant:
min
θ

∑
x∈D

− logpθ(x)
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Minimum description length Statistical machine learning

The compression objective

This is a compression objective

Shannon’s surprise: I (p)=− logp

Cross-entropy: H(q,p)=−∑
x q(x) logp(x)

With q the empirical distribution, ∀x , q(x)= 1
|D| so

H(q,pθ)=
∑
x∈D

− 1
|D| logpθ(x)

Maximum Likelihood Estimation minimizes the cross-entropy between the
empirical distribution and the parametric model’s distribution. It is
equivalent to finding a code with minimal expected length.
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A compressionist view of LLMs
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Science and compression

A body remains at rest, or in
motion at a constant speed
in a straight line, unless it is
acted upon by a force.

d−→p
dt

=∑−→
F

−→
F A→B =−−→F B→A
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Science and compression

The orbit of a planet is an
ellipse with the Sun at one
of the two foci.
A line segment joining a
planet and the Sun sweeps
out equal areas during equal
intervals of time.
The square of a planet’s
orbital period is proportional
to the cube of the length of
the semi-major axis of its
orbit.

T 2

a3 = constant
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Science and compression
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Induction is compression
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Induction
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Solomonoff’s induction
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The MDL formula

C (D)≤C (D|M)+C (M)

→ MDL objective min
M

∑
x∈D

C (x |M)+C (M)

C only works with lossless compression.
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Compressing MNIST

Minimize
∑
x∈D

C (x |M)+C (M) where

D is MNIST, x is a black-and-white image of a digit, 32×32= 1024
pixels
M is an autoencoder, with varying size d in bottleneck layer
C (x |M) is the sum of

the size of the hidden state of the encoder: |D| ·d ·16 bits,

the decoding error:
|D|∑
i=1

1024∑
j=1

C ([xi − x̂i ]j )=
|D|∑
i=1

1024∑
j=1

log(1+ [xi − x̂i ]j )

C (M) is the size of the decoder: |θ| ·16 bits
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Complexity and neural networks

Probabilities and MDL

Assume probabilistic framework, i.e. samples from D with p.d.f. p
drawn i.i.d.
minimize K (pθ)+

∑
x∈D

K (x |pθ)
typically, K (x |pθ)=− logpθ(x)

every x has the same code length
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Complexity and neural networks

Variable-length compression

Sample a variable-length sequence of symbols w1, ...wn from a set of
symbols V : K (pw )+K (w1, ...,wn|pw )
Turn each symbol wi into a vector xi with a mapping f :∑

i K (xi |f (wi ))+K (f )

The model is f , pw and the (w
(i)
j )j for each xi (denote by matrix W )

min
f ,pw ,W

∑
i K (xi |f (Wi ))+K (W |pw )+K (pw )+K (f )
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Complexity and neural networks

K (W |pw)

Use the distribution to describe the samples:
K (W |pw )=∑

i
∑

j − logpw (Wi ,j)

This is an approximation of the true complexity
In principle the error requires an infinite number of bits to be encoded.
Assume a fixed-size precision.
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Complexity and neural networks

K (pw) and K (f )

pw and f are typically large models with many parameters
How to measure their description length?

Encode each parameter on fixed-size precision, or
Use a prequential code1

1Léonard Blier and Yann Ollivier, The Description Length of Deep Learning models,
NeurIPS 2018
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Complexity and neural networks

K (xi |f (Wi))

Decode the sequence w1, ...,wn into x

f can be parameterized as a Transformer model or Recurrent Neural
Network
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Complexity and neural networks

How to find the minimum?

In practice, train a discrete auto-encoder
W = encoder(X )

Loss function: − logpw (encoder(X ))− logp(W |decoder(encoder(X )))

"The above only minimizes K (W |pw ) and K (xi |f (Wi ))
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Complexity and learning Analogies

ghi → ghj, uuvvww → ?

ghi → ghj
uuvvww → uuvvxx

uuvvjj
uuvvwx
ghj
uuwvwx
uuvvj
uuvvww
uuvvwj
error
ghjjjj
ghjvww
uujvww
uuw
uuwvww
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Complexity and learning Anomaly detection

Simple for a simple reason

2.000€ 2.000.000€

Simple for a simple reason: C (s)≤C (s |f )+C (f )
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